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Abstract
Data assimilation is a key element to improve the performance of biogeochemical ocean/marine forecasting systems.

Handling the very big dimension of the state vector of the system (often of the order of 106) remains an issue, also considering
the computational efficiency of operational systems. Indeed, simple product operations involving the covariance matrices are
too heavy to be computed for operational forecasting purposes. Various attempts have been made in literature to reduce the
complexity of this task, often adding strong hypotheses to simplify the problem and decrease the computational cost.

The MedBFM model system ([5], [8], and references thereby), which is responsible for monitoring and forecast-
ing the biogeochemical state of the Mediterranean Sea within the European Copernicus Marine Services (see http:
//marine.copernicus.eu/) assimilates surface chlorophyll data through a 3D Variational algorithm, that decom-
poses the background error covariance matrix into sequential operators to reduce complexity [8].

In this work, we developed a novel Kalman Filter for the MedBFM system. The novel Kalman Filter scheme starts from
a SEIK ([9]) approach but benefits from advanced Principal Component Analysis (PCA, [4]) to reduce the dimension of co-
variance matrices and improve the computational efficiency.
We compared the standard SEIK filter and the new Kalman filter implementations in a one dimensional transport model with
2 biological variables in terms of root mean square distance. In the vast majority of the experiments, the new Kalman filter
had better performances.

The SEIK Filter
The notation mostly follows [7]

Background state: xb ∈ Rn

Background error covariance: P b = LALT , L ∈ Rn×N−1, A ∈ RN−1×N−1

Model error covariance: Q
Observation: y
Observation error covariance: R

Perturbation matrix: Z =
√
NLCΩT , C ∈ RN−1×N−1,Ω ∈ RN×N−1,

with CCT = A and Ω random matrix
with orthonoral columns and zero columns sum

Matrix of ensemble of N members: X = xb11×N + Z

Evolution of the ensemble: Xf

Observation operator on the columns of Xf : Y

Error subspace basis: Lf = XfT,

with T =

(
IN−1

01×N−1

)
− 1

N1N×N−1

Forecast xf =
√
NXf

1N×1

Forecast covariance: P a = LfAfLfT ,

with Af = 1
N

(
TTT

)−1
+
(
LfTLf

)−1
LfTQLf

(
LfTLf

)−1

Analysis covariance: P a = LfAaLfT ,

with Aa−1 = Af−1
+ (Y T )T R−1Y T

Analysis: xa = xf + LfAa (Y T )T R−1
(
y − yf

)
,

with yf the observation operator on xf

The SEIK+PCA Filter
Z is substituted by

Z̄ =
√
NUrSrΩ

T
r ,

where
USV T = LC

is the singular values decomposition of LC.
If r singular values are predominant (with 2r > N − 1), then Ur ∈ Rn×r and Sr ∈ Rr×r are the submatrices
of UandS that refer to those values.
Ωr ∈ Rr×N has the same properties as Ω, but it is obtained completing the matrix IN−1−r

−IN−1−r
02r+2−N

 .

The experiment
The filters has been compared in a one dimensional transport model with 2 biological variables.
One variable provided data in a limited part of the domain (Assimilation type 1: only in the center, assimila-
tion type 2: uniformly distributed points) every 20 timesteps, while the second variable was hidden.
20 different parameter sets has been tried for each case.

The model

dp = Acp(M − cp)−Bcpcq,

dq = Ccpcq −Dcp,

∂

∂t
ci = −V (x)

∂

∂x
ci + K

∂2

∂x2
ci, ∀i ∈ {p, q}.

Results

Ex1 Ex2 Ex3 Ex4 Ex5 Ex6 Ex7 Ex8 Ex9 Ex10
Type 1 3.22 0.65 1.91 7.90 0.12 0.10 0.95 2.58 1.80 2.41
Type 2 0.80 0.22 0.03 -0.18 0.09 0.26 0.02 1.20 1.47 1.14

Ex11 Ex12 Ex13 Ex14 Ex15 Ex16 Ex17 Ex18 Ex19 Ex20
Type 1 0.86 7.57 0.86 3.89 -1.14 3.74 0.54 2.46 1.34 0.06
Type 2 1.14 1.51 0.06 -0.09 0.35 0.43 0.09 0.43 -0.29 1.30

Table 1: Difference of root mean square distance between the classic and the modified SEIK filter

Figure 1: Experiment 10 Type 1. Red: classic SEIK, blue: modified SEIK. The dashed line is the hidden variable, while the other
is the assimilated one.

Conclusions
The modified SEIK filter has obtained better results then the classic SEIK filter in 36 of 40 tests made.
This confirms that using the PCA to change the error basis when needed helps significantly to achieve better
precision, without rising the number of ensemble elements.

Forthcoming Research
Testing the new Kalman scheme on a more complicated model, like the MedBFM System, will be a priority.
Implementation and optimization will follow up, if the performances will be confirmed.
In the near future, how the candidates for the substituted basis vectors are chosen is a point that will be better
investigated, in order to improve further the skill of the scheme.
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