o N oo o1 B~ W

10
11

12

13

14

15

16

17

18

19
20

21

22

23
24

Supplementary Methods

Sections 1 and 2 give a detailed account of the model and of the analytical derivations presented in the
main manuscript. All the results presented in Section 1 and 2.1 are well established in the literature; we
have tried to provide detailed derivations based on properties of the multivariate normal density. Readers
interested on further details are referred to [1,2]. To the best of our knowledge, the results presented on
section 2.2., prediction R-squared under imperfect LD between markers and genotypes at causal loci, are
novel. Finally Section 3 gives a complete account of the Bayesian implementation used to fit models.

1. Genomic BLUP (Best Linear Unbiased Predictor)

Consider a linear regression on marker covariates of the form,
p
Yi = Z,leilﬁ t&, (S.1)

where, Y, represents a phenotypic measure taken on the i" individual in the sample (i=1,...,n), W, are

marker covariates (I=1,...,p markers), ﬁ, are marker effects and e are model residuals. Here, we assume

that phenotypes are centered, Zin:l y; =0, and that marker covariates are centered and standardized to

(Xn — ZHI )
V26(1-6)

observed at the 1™ locus of the i"™ individual and 6, is an estimate of the frequency of the allele coded as

unit variance, W, = , Where X; € (0,1,2)counts the number of copies of one of the alleles

one at the I™ locus. Centering and standardization are not strictly needed for the arguments we outline to

hold, but the presentation is greatly facilitated. Stacking all the equations for individuals 1 to n, we have:
y=WpB+g (S.2)

where Y = {yi}, Bz{ |} and az{gi} represent vectors of phenotypes, marker effects and model

residuals and W = {W”} is a matrix of marker covariates. In a standard Bayesian Gaussian Regression

marker effects are assumed to be IID (independent and identically distributed) draws from a normal
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1ID 1ID
density S, ~ N(O,aé), and model residuals are also assumed to be IID normal, &; ~ N(O,agz),

independent of marker effects. Here, 0/23 and af represent the prior variance of marker effects and the

variance of model residuals.

Model. The linear score U, =%~ W , the ‘genomic value’, represents the expected value of
i 1=1 I~

the i"™ phenotype given marker genotypes and marker effects. Replacing this in the data equation (S.1) we

arrive at the following random effects model Y; =U; + &;, or in matrix notation

y=ut+z (S.3)

!

where, U= (ul,..., un) . Following standard properties of the multivariate normal density it can be shown
that the joint density of u is multivariate normal, with mean equal to zero and variance-covariance matrix

proportional to G = p~"WW'; therefore, u ~ N(O,Gof), with o; = po.

Collecting assumptions, the joint distribution of phenotypes, genetic values and model residuals is

given by:
u GoZ 0 Go?
¢ [~MVN|O,| O o7 lo? (S.4)
y Go! 1ol Gol+lo?

Best Linear Unbiased Predictor of Genomic Values. The conditional expectation (CE) is the best

predictor in the mean-squared error sense, and in the model defined by (S.4) the CE of u giveny is:

Eluly]=Covlu,y'Varly]'y
=O'UZG[GO'UZ + Iofry
=G[G +I4]y
=GTy
=Gy (S.5a)

where A=0’0," ,T= [G + I/?L]*1 is a matrix proportional to the inverse of the phenotypic variance-
covariance matrix of phenotypes and y = Tyis a vector of ‘smoothed’ phenotypes obtained by pre-

multiplying y with T. The expected value (over possible realizations of u and ¢) of the CE formula of
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(S.5a) equal’s the prior expectation of u,E{E[u|y]}: E[GTy]zGTE[y]:O; therefore predictions

derived using (S.5a) are unbiased with respect to the prior expectation. Finally, the predictor in (S.5a) is
linear on y; therefore (S.5a) is the BLUP of u.

The equation corresponding to the i entry in the CE vector of (S.5) is given by
Eluly]- 2 Gi 2 TV

= Z,-=1Gij 37j (S.5b)
where Y, =Z:::1TjkyI< .

Best Linear unbiased Prediction of Marker Effects. In the model above, marker effects and
phenotypes follow the following MVN density:

B |O'[25, W'O'fj,
~MVN| 0, 2 ) 2 2
y Wo, WWioo,+lo;
Therefore, the expected value of marker effects given phenotypes is:
E[ply]=Cov[p.y Var[y]'y
= 2WWWo? + 102y

= %O'UZW’[GO'UZ + Iof}ly

= %W’[G +12]y
“Lwry-Ltwy (S.6)
P P

Above, O'Z :GUZ/ p, G= p_1WW' and T:[G + MF. It can be shown that predictions of marker

effects given by (S.6) are equivalent to the Ridge Regression [3] estimates, ﬁ: [W'W+ IpﬂTlW'y :

Note. In the derivation of the BLUPs in (S.5) and (S.6) we have assumed that variance
components are known. When variance components are unknown these can be estimated from data using
various methods (e.g., Maximum Likelihood, Restricted Maximum Likelihood or Bayesian Methods, see

Section 2 of this document). However, when variance components are estimated from the data, the CE
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function does not have a closed form and predictions are not linear functions of the data; therefore,
predictions derived when variance components are estimated from the data are not strictly BLUP

anymore.

Predictions of Yet-to-be Observed Phenotypes. Consider a partition of the vectors in eq. (S.3)
into two disjoint sets {y,,u,,,} and{y,,u,,&,}, pertaining to the training (TRN) and testing (TST) data

sets, respectively, so that:

]

The joint density of phenotypes in TRN and TST data sets is then given by the following MVN density:

Yi|_ MVNI 0 G0, + 1,07 G0, (S.8)
Y, , Gz10_u2 G‘zzau2 + |2052

where G,, and G,, represent matrices describing genomic relationships among individuals of the TRN

and TST data sets, respectively, and G,, =G/, is a matrix describing genomic relationships between

individuals in the TST and those in the TRN data set. From equation (S.8) the expected value of
phenotypes in the TST data set given the phenotypes in the TRN data set is,

Ely.ly.|=Covly,.yiarly.]"y,
= GlJZGZl[UuzGll + lel:rlyl
= GZl[Gll + Ill]ily1
=G, Ty, (S.92)
= G21)71

Above, T= [Gn+ leﬁlis a matrix proportional to the inverse of the (co)variance matrix of phenotypes

in the TRN data set. A scalar version of (S.9a) is given by the following linear score (hereinafter, we
assume that the TRN data set includes n individuals and, without loss of generality, we present prediction
equations and other expression pertaining genetic values or phenotypes in the TST data set using sub-

index n+1 to stress that such expression pertains to observations not included in the TRN data set):
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E [yn+1|yl] = Z::1Gn+1,i zrj‘:lTij yj
= zin:l Gn+1,i yi (S.9b)

Therefore, predictions in G-BLUP are simply weighted sums of (pre-smoohted) phenotypes of the
individuals in the TRN data set, with weights given by the realized genomic relationships between

n

individuals in TRN and TST data sets {G, ,, |

i=1"

2. Measures of Prediction Accuracy in G-BLUP

The variance of prediction errors, or prediction error variance (PEV), is commonly used in prediction
problems to assess the predictive power of an entertained model. In case of prediction of yet-to-be-
observed phenotypes, variance-covariance matrices of prediction errors of genetic values and of

phenotypes are given by
Var(u, - E[u2|yl])=Var(u2)+Var(E[u2|y1])— 2Cov(u2, E[u2|y1U
and

Var(y, - Ely,ly, ))=Var(y,)+Vvar(gly.ly,]) - ZCOV(yz, E[yzlyln

, respectively. The next sub-section presents expressions for prediction error variances and co-variances

under the assumptions of the model.



99  2.1. Case 1: when genotypes at causal loci are known (i.e., perfect LD between markers and QTL)
100

101 We begin by assuming that genomic relationship matrices are computed using realized genotypes at
102 causal loci. In this case, the model holds, and closed-form formulas for PEV and R? can be derived. The
103 results that follow use (S.8) as starting point and standard properties of the multivariate normal density. A
104 list of useful results that will be used later is given in Table S1.
105
106 Table S1. Useful Results: variances, (co)variances and prediction error variances of genetic values and of
107 phenotypes of individuals in the testing data set.
Genetic Values Phenotypes
Marginal Variance Var(u,)=G,,0? (S10.3) Var(y,)=G,,07 +1,67| (S10.b)
Conditional Variances var(u,ly,)=0{G,, -G, TG,,} (S100)  Var(y,ly,)=Var(u,ly,)+1,07 (S10.)
Variance of Cond. Expectation Var(E[yz\le:Var(E[uz\yl]): 0°G,TG,, (Sl0.e)
Cov. Predictions and realized values Cov(u,, E[uz\yl]): cov(y,, E[yz\yl]): c.G,,TG,, (S10.e)
Prediction Error \Vari Var(u, - E[Uz‘yl]): Var(yzz -~ E[yzm]): )
rediction Error Variances o2[G,, -G, TG,] (5100) c?[G,, ~G,, TG, |+1,62 (S.10d)
108

109  The first element on the right hand side of (S.10d), is the variance-covariance matrix of prediction errors

110  of genetic values, Var(u2—E[u2|y1D=G§[GZZ—621TGlz]; this is simply the prior variance-

111  covariance matrix of genetic values, ¢°G,, minus a quadratic form, given by &°G,,TG,,, that
112 quantifies reduction in uncertainty about genetic values of individuals in the TST data set attained by
113  observing phenotypes of the individuals in the TRN data set. If individuals in TRN and TST data sets, are

114  independent, i.e., when G,, =0, the (co)variance of prediction errors of genetic values equals the prior

115  variance (i.e., there is no statistical learning). The second term in the right-hand-side of (S.10d), Izof,

116  represents uncertainty about future phenotypes due to error terms; since these are uncorrelated with the

117  phenotypes in the TRN data set there is no learning about this component.
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The diagonal elements of expressions S.10c and S.10d give the PEV of individual genetic values

and of individual phenotypes, respectively,

Var( n+1 E[un+1|yl |_Gn+1 n+1 Z 7121 =1 —n+Li n+1 j I] J (S 108)
Var(yn+1 E[yn+1|y1 lGn+l n+l Z —le =1 —n+Li n+1 j Ij J+ O, (SlOf)
Since T is positive definite Z ZJ _,Gn11iGhia, T 2 Owith equality holding only when all the genomic

relationships between individual n+1 and individuals in the TRN data set are equal to zero.

R-squared. The proportional reduction of variance of genetic values accounted for by predictions

is given by the following R-squared (genetic values):

_ l— Var(un+l - E[un+l|yl])

R, =
B Var(un+l)
_1_ O-uz [Gn+1,n+1 o Zin:l r; lGn+l |Gn+1 jT
- O-lJZGn+l,n+l
_ Zin_lZGlGnJrl |Gn+l jT (Sll)

n+l,n+1

A similar R-squared for prediction of phenotypes is:

y1D

Var (yn+1 -E [yn+1

2
PH T ar(y, )
| SR YR MM
o Gn+l,n+l + Gg
O-Uz Z:]:lzl 1G”+1 'Gn+1 JT
B GLJZGn+1,n+1 +o;
o’G
The ratioR?,, /R, =— 2" —=h? where h? is the heritability of the trait for individual

2
of Gn+1 n+1 + O-

2

n+1 (note that, when G, ,,, =1, h%, equals the heritability of the trait, h* = ——"—); therefore,

O_+O'
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_ h2 Z, =1 Gn+1|Gn+l JT

= h2 RZ n+1 G

n+1 y n+1l" *n+lu

(S.12)

n+1,n+1

Suppose now that all the off-diagonal elements of Gy (i.e., all theGijsuch that

i,je(,...,n);i= j) are zero. In this case T is diagonal and the R-squared formula reduces to

_ hz Zin:l Gr?+l,i

n+1 y n+1

. When data involve nominally unrelated individuals the off-diagonal elements

n+1,n+1
of Gy, are expected to be small, but not exactly equal to zero. Relative to the case where the TRN data set
comprise independent TRN phenotypes, the use of correlated TRN phenotypes yields smaller R-squared.
This happens because, other things being equal, the amount of information provided by the TRN data set

comprises genetically independent individuals. Therefore, the index "*1 Z Gn+1| acts as an upper-

n+1,n+1
bound to the R-squared,; specifically,
2

Case 1 (perfect LD between markers and QTL): Rn+1y < L Zi”:lGnil’i . (S.13)

n+1,n+1

2.2. Case 2: when genomic relationships are computed using markers (i.e., imperfect LD between
markers and QTL)

In practice, genomic relationships are computed from marker genotypes that are in imperfect LD
with genotypes at causal loci. Further, since the patterns of realized genomic relationships at different sets

of loci (e.g., markers and causal loci) vary across the genome [4], realized genomic relationships at

markers (C_SMJ) should be regarded as proxies for the realized genomic relationships at causal loci (
Gn+1,i )

When marker-derived genomic relationships are used in place of realized genomic relationships
at causal loci, the assumptions of model (S.8) do not hold. Therefore it is not possible to derive closed-
form expressions for prediction R-squared. This problem can be circumvented by deriving a closed form
expression for an upper bound to prediction R-squared. To arrive at this closed form we assume that
genomic relationships realized at causal loci among pairs of individuals in the TRN data set are known.

Essentially, this has the effect of treating matrix T as a known constant. Therefore, we consider only the
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impacts of imperfect LD between markers and QTL that occurs through misspecification of genomic

relationships between individuals in the TST and those in the TRN data set. Predictions in G-BLUP are

given by Zi”:lcsmyiyi . Because of the assumption that genomic relationships at causal loci among
individuals in the TRN data set are known, inferences about the yi 's, the entries of the vector

¥ =[G +1A]"y, are not affected by imperfect LD between markers and QTL.

Assume that the realized genomic relationships at markers between an individual in the TST data

set (n+1) and all individuals in the TRN data set, {Gm,l,...,@ml,n}, can be described using a linear

regression on genomic relationships realized at causal loci, {Gnﬂyl,...,GM‘n}, that is

Gn+1,i = bn+1Gn+1,i + n+,i? (i=1,...,n)

whereb . represents the regression of marker-derived genomic relationships {C_Enﬂ’l,...,(? } on

n+l,n
realized genomic relationships at causal loci {Gm’l,...,GMn}and X ,,, represents an error term which

accounts for differences in realized genomic relationships at markers and QTL. A similar approach was
used before by Yang and co-authors [5]. However, the regression used by these author applied to all the
entries of the relationship matrix, including diagonal and off-diagonal terms. In our case, we focus on
guantifying the effects of imperfect LD that occur through miss-specification of TRN-TST relationships;

therefore the regression is based on the off-diagonal terms only.

Using G,,,; =0,,,G,,1; + &1 in (S.9b) we get:

n+Li n+1

_ - .
E [un+l|y1]: Zi:J_Gn+1,i zjleij yj
n = ~
= ZizlGn+l,i Yi
n ~
= Zi:l (bn+1Gn+1,i + §n+l,i )yl
The term & ., is, by construction, orthogonal to the realized genomic relationships at causal loci;

therefore, for large n it is safe to assume that Zi”:lgwyi approaches zero. Using Zi":lgwyi =0in

the above expression, E[Un+1|yl]:bn+1zin:lGn+1,iyi:bn+1E[Un+1|y1]- Therefore, the variance of

prediction errors is now given by
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Var(uml - E[Lln+1|yl]):Va'r(uml - bn+lE[un+1|yl])
= Var(un+l)+ b,ilvar(E [un+1|yl])_ 2bn+1C0V(un+1’ E[un+l|y1])

It can be shown (see expression (S10.e) in Table S1) that the variance of the conditional expectation,

Var(E[un+1|y1D, equals the covariance between the true genetic values and the BLUP,

cov(u,.,, E[Un+1|Y1D- Specifically, from (S10.e) we have:

n

Var(E[un+1|yl])=Var [un+1|Y1] = COV(Un+1' E[u2|Y1]): Guzg'nﬂTgnﬂ = O'u2 z::lzj:lGn+1,iGn+1,jTij

, Where g :{G G }( is a vector containing the genomic relationships realized at causal loci

n+l,1°°°" T n+ln

between individual n+1 and every individual in the TRN data set. This is simply a scalar version of
(S10.e). Therefore,

Var(um—l - EI:un-¢—1|ylj|) :Var(um—l) + br?+1var(E [un+1|y1]) - 2bn+lcov(un+l’ E [un+l|yl])
= O-j {Gn+1,n+l + ( r12+1 - 2bn+1)Z::lzr;:lGnJrl,iGnJrl,jTij }
= O-j {Gn+1,n+l - (mel - br12+1 )zin:l Zr;:lGnJrl,iGnJrl, jTij }

Using (an1+1 —b§1+l):1— (1-b,,,)’ the prediction R® becomes
R2. —1-— Var(un+1 — E[un+1|y1])
e Var(un+1)

_ Guz {Gn+l,n+1 - [1_ (1_ bn1+1)2]Z::lZ?:lel,iGml,jTij }
2

oG

u > n+l,n+l

=1

= [1_ (1_ bn1+l)2]Zi:lzglG”+l,iGn+l,jTij
n+1,n+1

~h-a-b, )R

n+l,u

And for prediction of phenotypes we have:
§n2+1,y = hrirl[l_ (l_ bn1+l)2]Rr?+1,u = [1_ (1_ an +l)2]Rr$+1,y

RZ,, —R?
nJrl,Fy22 n+ly — (1_ bnl+l)2 )

n+ly

and,

10
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Therefore, the coefficient rn+l:(1—bnl+1)2, can be regarded as a minimum shrinkage factor on R-

squared due to use of marker-derived genomic relationships, as opposed to those realized at causal loci.
This is a minimum shrinkage factor because in its derivation we have assumed that genomic relationships

at causal loci were known for individuals at the TRN data set. Hence, we have

Case 2 (imperfect LD):  RZ,, < hnil[l— (- bnﬁl)z]Rfﬂyu (S.14)

Under perfect LD and with infinite sample size, Rj+1ureaches one. Therefore, the term

hn2+1[1—(1—bn1+1)2] can be interpreted as an ‘optimistic’ upper bound on R-squared of predictions of

phenotypes that be attained using G-BLUP type methods.

The term 7, = (l—bnﬁl)2 plays a central role in upper-bounds on R-squared. This coefficient has a
maximum at b =1, a case that would occur if markers and causal loci and in perfect LD. Values of

b ., smaller or larger than one yield [1—(1—bnl+1)2]<1 , reducing the maximum R-squared that can be

attained.

In practice, the set of causal loci is unknown; however, an approximation to bw can be obtained

by computing realized genomic relationships, {C_;n+l,l""1§n+l,n} and {GW 1,...,Gn+1n} , at disjoints sets of
loci and regressing {(_?n+11,...,(_?n+1n} on {Gn+11,...,Gn+1n} . We present estimates of these coefficients in

the article and discuss the impact of linkage on this regression by comparing estimates of these

regressions derived using data with related and unrelated individuals.

1. Bayesian Implementation

The model described by expression S.4 was implemented with two modifications: (a) the model was
extended by inclusion of an intercept, and (b) variance parameters were treated as unknown and were
estimated from the training data sets. The model was implemented in a Bayesian setting; this requires
assigning prior distributions to the unknown intercept and variance components. The intercept was
assigned a flat prior and variance components were assigned independent Scaled-Inverse Chi-square

densities. Therefore, the joint posterior density of the unknowns was

11
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Y.t S,.8, ) pbju.o?)p(ulo? Jplo,o?)
o« MVN(y[Lze + U, 162 MVN(U0,G o2 ) 262

plesu,0?, 02

o, )y 2(o2ldf,s,) (5.15)

where, ;(‘z(az‘df , S.) denotes an Inverted-Scaled Chi-Squared density for the random variable 0.2 and

with degree of freedom and scale parameters df and S, respectively. The degree of freedom parameter
was set equal to 5 and the scale was chosen so that the prior expected values of the variance parameters
equals the phenotypic variance (1 in the simulated data and approximately 40 in the real data) times 0.8

for the genomic variance and times 0.2 in case of the residual variance.

Samples from the posterior density were obtained with a Gibbs sampler that uses an orthogonal
representation of the model (i.e., a random regression on the eigenvectors of G). The algorithm is fully
described in [6,7]. A total of 18,000 samples per run were drawn. Of these, the first 3,000 were discarded
as burn-in. The remaining 15,000 samples were thinned with a thinning interval of 3, yielding total of
5,000 samples to compute Monte Carlo estimates of the unknowns. The software used to carry out

analyses is available upon request to the corresponding author.
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